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Figure 1: Approximated direct illumination of a sphere light on
a glossy plane (Closeups of 1920×1080 resolution, GPU: AMD
Radeon

TM
HD 6990). The plane has a microfacet BRDF with an

isotropic Phong NDF (Phong exponent: 1000). The reflection lobe
and incident radiance are approximated using two SGs (a), two
ASGs (b), and an ASG and SG (c).

A Comparison of ASGs and SGs

Fig 1 shows direct illumination from a sphere light. In these experi-
ments, reflection lobes and incident radiance are approximated with
SGs or ASGs (K = 1), and thus the illumination integral is ana-
lytically solved. The floor has an isotropic Phong NDF. As shown
in the ground truth image (d), reflection lobes have high anisotropy
for shallow grazing angles, even if the BRDF has an isotropic NDF.
Therefore, when both reflection lobes and incident radiance are ap-
proximated using SGs (a), noticeable approximation error is pro-
duced for such grazing angles. Instead of SGs, ASGs can be used
(b), but it is more expensive. In addition, it can produce large pre-
cision errors for such high anisotropy in our implementation us-
ing single-precision floating points. Approximating reflection lobes
and incident radiance using an ASG and SG respectively has rea-
sonable performance and no noticeable precision errors (c). There-
fore, this paper employs ASGs only for reflection lobes at the first
bounce.

B Radiance Evaluation of a VSGL

This section explains an analytical solution of∫
S2 Ǵj(ω)Gl(ω)GV (ω)dω for radiance evaluation of a VSGL.

The product of two SGs is closed in SG basis as follows:

Gl(ω)GV (ω) = cmG
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where cm = e‖ξm‖−ηl−ηV , ηV = 4π
‖Ωi‖

, and ξm = ηlξl + ηV ωi.
The approximate product integral of the ASG and SG is derived in
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[Xu et al. 2013] and given by:
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where 2ν = ‖ξm‖. Evaluating this ASG, we can calculate glossy
interreflections from a VSGL. For diffuse surfaces, Ǵj(ω) = 1 or
Gl(ω) = 1 can be used. Therefore, when both BRDFs are diffuse
models, it is given as:∫

S2

Ǵj(ω)Gl(ω)GV (ω)dω =

∫
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2
. (3)

If ‖Ωi‖ ≈ πr2i
‖xi−xs‖2

similar to [Xu et al. 2014], it derives the
same formulation as VPLs which produce spiky artifacts. There-
fore, ‖Ωi‖ = 2π(1−cos θi) is employed in this paper based on the
original VSL method.
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